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Preface

A thorough knowledge of multivariable analysis is an essential prerequisite for
graduate studies in mathematics. The subject is presented in this book in a man-
ner that would suit readers having a background of calculus in two and three
variables, mathematical analysis in one variable, including compactness, and
rudiments of matrices and determinants. The prerequisites with essential details
are listed briefly in Chapter 1.

In Chapter 2, after a brief discussion of the basic algebraic theory of func-
tions defined on subsets of R” and having values in R", the concepts of limit and
continuity of these functions are defined. Also discussed is the invertibility of
linear maps, which is a fundamental concern in the inverse and implicit function
theorems at a subsequent stage. The chapter ends with a brief discussion of
double sequences and series. Differentiation of functions from (subsets of) R"
into R”, their partial derivatives and equality of ‘mixed’ partial derivatives of
second order are discussed in the next chapter. The approach to the inverse and
implicit function theorems in Chapter 4 is via contraction mappings in R”. Use
of compactness of a closed ball has been avoided, as it does not lend itself to the
situation when R" is replaced by an infinite-dimensional space. In the final sec-
tion of the chapter, a second form of the implicit function theorem has been
proved using the concept of connectedness, and also a two-dimensional version
that is not a special case of the one in higher dimensions. The purpose of Chap-
ter 5, on extrema, is to discuss from a theoretical perspective the methods of
optimisation (determining points of extremum), constrained as well as uncon-
strained, of functions of several real variables. The reader is presumed to be
familiar with the (pre-analysis) calculus techniques of solving optimisation
problems in several variables, including the method of Lagrange multipliers.
Instances are given when the Lagrange method appears to ‘fail’. More impor-
tant, a sufficient condition for a constrained extremum is proved, which few
other books seem to cover. The next two chapters are devoted to Riemann inte-
gration and the transformation (change of variables) formula in R". Fubini’s
theorem for continuous functions is also included. The treatment in Chapters 6
and 7 is more leisurely than elsewhere, and the details differ in some essential
ways. Chapter 8 treats differential forms, chains and the general Stokes theorem
in R” without assuming the reader has a background in multilinear algebra. The
formal introduction to the concepts involved is preceded by heuristic considera-
tions in terms of vector analysis, which the reader is presumed to have
encountered in calculus. The final section discusses the connections of differen-
tial forms with vector analysis in greater detail than is customary. The book
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closes with Chapter 9, in which solutions to most of the problems are presented,
some in greater detail than others.

The book contains very general and complete versions of a number of im-
portant theorems and constructions. In order to mitigate the difficulties faced by
the reader in assimilating the sophisticated versions of these, we have considered
it expedient to include appropriate motivation. Complete definitions, explana-
tions and proofs have been provided throughout. A large number of illustrative
examples and problems for solution form an integral part of any book intended
for self study or a course text. Accordingly, the book has a liberal sprinkling of
both, with elaborate hints or solutions for most of the problems.

The reader with previous experience of the subject who wishes to find
something different in this book is invited to browse the following items:

Problem 2-3.P14, Problem 2-3.P15, Examples 3-2.3, Problem
3-3.P14, Remark 3-4.10, Problems 3-4.P22 and 3-4.P23, Prob-
lem 4-1.P10, Problem 4-1.P11, Remark 4-2.5, Examples 4-3.4,
Theorem 4-4.1, Remark 4-4.3, Example 4-4.6, Problem 4-4.P3,
Example 5-1.5(c), Theorem 5-2.9, Proposition 6-5.1, Problem
6-5.P3, Proposition 7-1.1, Proposition 7-1.3, Example 7-
4.16(b), Examples 8-2.2(f) and (h), Problem 8-6.P7, parts of
Section 8-7 and the problems therein.

Chapter 8 was written by Harkrishan L. Vasudeva with help from Satish
Shirali.
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Preliminaries

We shall find it convenient to use logical symbols such as V, 3, 3, = and <.
These are listed below with their meanings. A brief summary of set algebra,
functions, elementary real analysis, matrices and determinants, which will be
used throughout this book, is included in this chapter. Our purpose is descriptive
and no attempt has been made to give proofs of the results stated. The reader is
expected to be familiar with the material.

The words ‘set’, ‘class’, ‘collection’ and ‘family’ are regarded as synony-
mous and no attempt has been made to define these terms.

1-1 Sets and Functions

Throughout this book, the following commonly used symbols will be employed:

V means ‘for all’ or ‘for every’

3 means ‘there exists’

> means ‘such that’

= means ‘implies that’ or simply ‘implies’

< means ‘if and only if’.

The concept of set plays an important role in every branch of modern mathemat-
ics. Although it is easy and natural to define a set as a collection of objects, it
has been shown that this definition leads to a contradiction. The notion of set is
therefore left undefined, and a set is described by simply listing its elements or
by its properties. Thus {x;,x,,...,x,} is the set whose elements are x;,x;,...,X,;
and {x} is the set whose only element is x. If X is the set of all elements x such
that some property P(x) is true, we shall write

X={x:PXx)}.
The symbol & denotes the empty set.

We write x € X if x is a member of the set X; otherwise x ¢ X. If Y is a subset
of X, that is, if x € Y implies x € X, we write Y c X. [f Y ¢ Xand X C ¥, then X =

S. Shirali, H.L. Vasudeva, Multivariable Analysis,
DOI 10.1007/978-0-85729-192-9_1, © Springer-Verlag London Limited 2011



2 Preliminaries

Y. If Y € Xand Y # X, then Y is proper subset of X. Observe that & < X for
every set X.

We list below the standard notations for the most important sets of num-
bers:
N the set of all natural numbers
Z the set of all integers
@Q the set of all rational numbers

R the set of all real numbers

C the set of all complex numbers.

Given two sets X and Y, we can form the following new sets from them:
XUY={x:xeXorxeVY}
XnY={x:xeXandxeY}.

XUY and XNY are the union and intersection respectively of X and Y. If {X,} is
a collection of sets, where o runs through some indexing set A, we write

UX, and N X,

aEA aEA
for the union and intersection, respectively, of X, :

UX, = {x:xeX,foratleast one e A}
acA

NX, = {x:xeX,forevery o€ A}.

acA

If A =N, the set of all natural numbers, the customary notations are

UX, and NX, .

n=l1 n=l

If no two members of {X,} have any element in common, then {X,} is said
to be a pairwise disjoint collection of sets.

If Y c X, the complement of Y in X is the set of elements that are in X but
not in Y, that is
N\Y={x:xeX xe Y}.

The complement of Y is denoted by Y whenever it is clear from the context
with respect to which larger set the complement is taken.
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If {X,} is a collection of subsets of X, then the following De Morgan’s laws
hold:

(UX )= NX,) and (NX, )= UX,).

acA acA acA oA

The Cartesian product X,xX>%---xX, of the sets X;,X;,...,X, is the set of
all ordered n-tuples (x;,x,...,x,), where x;e X; fori = 1,2, ... ,n.

The symbol
[ X->Y

means that f'is a function (or mapping or map) from the set X into the set Y; that
is, fassigns to each x € X an element f{x) € Y. The elements assigned to members
of X by f are often called values of /. If 4 < X and B C Y, the image of 4 and
inverse image of B are, respectively,

JA) = {fx) : xe 4}
(B = {x:f(x)eB}.

Note that /~'(B) may be empty even when B # @. The assertion that C = f(4) is
sometimes conveniently rephrased as ‘f maps (the subset) 4 onto C.

The domain of fis X and the range is f(X); the range space is Y. If f(X) =7,
the function f'is said to map X onto Y (or the function is said to be surjective).
We write £'(y) instead of f'({y}) for every y € Y. If f'(y) consists of at most
one element for each y € Y, fis said to be one-to-one (or injective). If f'is one-to-
one, then /' is a function with domain f(X) and range X. A function which is
both injective and surjective is said to be bijective. One also speaks of a bijec-
tion or one-to-one correspondence. In the case when f is bijective, £ is a
function with domain Y and range X, in which case, it is called the inverse of f.
An inverse is unique if it exists and is referred to as the inverse of f. A map is
said to be invertible if it has an inverse; thus being invertible is the same as be-
ing bijective.

It is sometimes necessary to consider a function f only on a subset S of its
domain X. Technically, that makes it a different function and it is called the re-

striction of f to S. Introducing a new symbol to denote a restriction can clutter
the notation and we shall avoid it as far as possible.

Let g:U—V and f: X—Y be maps, where X has a nonempty intersection with
the range g(U). Then the inverse image Z = g '(Xng(U)) < U is nonempty and
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the function fog:Z—Y such that (fog)(z) = f(g(z)) is called the composition of f
and g. For most theoretical purposes, it is sufficient to work with the case X o
g(U), because this ensures that Xng(U) = g(U) and hence that Z = U.

If {X, : aoe A} is any family of subsets of X, then
fCUX)=UrsX,)

acA oA

and

ANX e NfX,).

aeA aEA
Also, if {Y,, : o€ A} is a family of subsets of Y, then
r'eUr)=UsrTm)
aeA aeA
and

fCNYH=Nr7'@,).

oA aeA

If Y; and Y, are subsets of Y, then

VRCONORTACONAAH]
Finally, if f: X—Y and g: Y—Z, the composite function gof: X—Z is defined by
(gof)(x) = g(f(x)).

1-2 The Real Number System

In the present section, field axioms, linear ordering axioms and the least upper
bound axiom of R are listed in detail. They fall naturally into three groups.

A.

For all real numbers x,y and z, we have
(i) xty=ytux
(i) (c+y)+z=x+@+2)
(iii) there exists 0 € R such that x + 0 = x;
(iv) there exists a we R such that x + w = 0;
V) xy=yx;
(Vi) )z =x(y2);

(vii) there exists 1 € R such that I #0 and x-1 = x;
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(viii) ifx is different from O; there exists a we R such that xw = 1;
(ix) x(y+z)=xy+xz
The second group of properties possessed by the real numbers has to do
with the fact that they are ordered. They can be phrased in terms of positivity of

real numbers. When we do this, our second group of axioms takes the following
form.

B.

The subset P of positive real numbers satisfies the following:

(i) P is closed with respect to addition and multiplication, that is, if x,y €
P, then so are x + y and xy,

(il) xe P implies —x¢ P,
(iii) xeR impliesx=0orxe P or—xeP.

Any system satisfying the axioms of groups A and B is called an ordered field,
for example, the ordered field of rational numbers.

In an ordered field, we define the notion x <y to mean y —x € P. We write x
<ytomean ‘x<yorx=y’.

Absolute value is defined in any ordered field in the familiar manner:

x ifx2>20
x| = .
—x ifx<0.

It can be shown on the basis of this definition that the ‘triangle inequality’

lx+y| <[x|+|y]
or equivalently,
|x=y| <[x—z|+|z-x|
holds.

From the two groups of axioms (A) and (B), it can be shown that R > Q
N.

The third group contains only one axiom and it is this axiom that sets apart
the real numbers from other ordered fields. Before stating this axiom, we need to
define some terms. Let X be a nonempty subset of R. If there exists M such that
x < M for all x € X, then X is said to be bounded above and M is said to be an
upper bound of X. If there exists m such that x > m for all x € X, then X is said to
be bounded below and m is said to be a lower bound of X. If X is bounded above
as well as below, then it is said to be bounded. A number M’ is called the least
upper bound (or supremum) of X if it is an upper bound and M’ < M for each
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upper bound M of X. The final axiom guarantees the existence of least upper
bounds for nonempty subsets of R that are bounded above.

C.

Every nonempty subset of R that has an upper bound possesses a least up-
per bound.

We shall denote the least upper bound of X by sup X or by sup {x : x € X} or
by sup x.

xeX

The greatest lower bound or infimum can be defined similarly. It follows
from C above that every nonempty subset of R that has a lower bound possesses
a greatest lower bound. The greatest lower bound of X is denoted by inf X or by
inf {x :xe X} or by }(Iel)f( x. Note that 12)1; x= —su)l;() —X.

The following characterisation of supremum is used frequently.

1-2.1. Proposition. Let X be a nonempty set of real numbers that is bounded
above. Then M = sup X if and only if

(i) x<Mforall xe X, and
(i1) given any € > 0, there exists x € X such that x> M — €.

There is a similar characterisation of the infimum of a nonempty set of real
numbers that is bounded below.

Certain kinds of subsets of R have a special role. If a < b, both real num-
bers, then the subset {x € R : a <x < b} is called an open interval and is denoted
by (a,b). Subsets of the form {x e R : x <b} and {x e R : a <x } are also called
open intervals and denoted respectively by (—ee, b) and (a,<). The subsets {x € R
ca<x<b}, {xeR:x<b},{xe R :a<x} are closed intervals and are denoted
by [a,b], (—ee,b], [a,), respectively. It is clear what [a,b) and (a,b] mean, and
these intervals are neither open nor closed.

1-3 Sequences of Real Numbers

Functions that have the set N of natural numbers as domain play an important
role in analysis. A function f:N—S, where S is any nonempty set, is called a
sequence in S or a sequence of elements of S.

A sequence of real numbers is a map x:N—R. Given such a map, we de-
note x(n) by x,, and this value is called the nth ferm of the sequence. The
sequence itself is frequently denoted by {x,},>1. It is important to distinguish
between the sequence {x,},>; and its range {x, : n € N}, which is a subset of R.
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A real number / is said to be a limit of the sequence {x,},» if for each € > 0,
there is a positive integer ny such that for all n > ny, we have |x,—[] <e. It is
easy to verify that a sequence has at most one limit. When {x,},>; does have a
limit, we denote it by lim x,,. In symbols, / = lim x,, if

Ve>0,3dny 3 n2ny=|x,—[|<e.
A sequence that has a limit is said to converge (or to be convergent).

If lim x,, and lim y, both exist, then so do lim(x,+y,) and lim (x,y,); more-
over, lim(x,+y,) = limx, +1limy, and lim(x,y,) = (lim x,)(lim y,). If o is any
real number, then lim (ow,,) = o(lim x,,).

The sequence x, = (1+%)" has a limit denoted by e; this number is irrational
and lies between 2 and 3.

limn'" = 1.

A sequence {x,},> of real numbers is said to be increasing if it satisfies the
inequalities x, < x,+1, n=1,2, ..., and decreasing if it satisfies the inequalities x,
>x,4+1, n=1,2,.... We say that the sequence is monotone if it is either increas-
ing or it is decreasing.

A sequence {x,},>; of real numbers is said to be bounded if there exists a
real number M > 0 such that |x,| < M for all n € N. The following simple crite-

rion for the convergence of a monotone sequence is very useful.

1-3.1. Proposition. A monotone sequence of real numbers is convergent if and
only if it is bounded.

Let {s,},>1 be a sequence in any set and let n; <n, < - <n < -~ bea
strictly increasing sequence of natural numbers. Then {s,, } s> is called a subse-

quence of {s,} 1

1-3.2. Bolzano—Weierstrass Theorem. A bounded sequence of real numbers
has a convergent subsequence.

The convergence criterion described in Proposition 1-3.1 is restricted to
monotone sequences. It is important to have a condition implying the conver-
gence of a sequence of real numbers that is applicable to a larger class and
preferably does not require knowledge of the value of the limit. The Cauchy
criterion gives such a condition.

A sequence {x,},> of real numbers is said to be a Cauchy sequence if, for
every € > 0, there exists an integer n, such that |x, — x,,| <& whenever n > n, and
m 2 ng. In symbols,

¥V &> 0, 3 ng such that (n > ng, m > ng) = |x, — x,,| <€.
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1-3.3. Cauchy Convergence Criterion: A sequence of real numbers converges
if and only if it is a Cauchy sequence.

When a sequence {s,} > is described in form s, = él ay, it is called a series
and the number gy is called its kth term, rather than s;. The number s, is then
called the nth partial sum of the series. The limit lims,, if it exists, is called the
sum of the series. The symbol Z a; denotes the series as well as the sum, if any.
The context determines Wthh of the two is intended. The series Z k? is con-
vergent if and only if p > 1.

1-4 Limits of Functions and Continuous Functions

Mathematical analysis is primarily concerned with limit processes. We have
already reviewed one of the basic limit processes, namely, convergence of a
sequence of real numbers. In this section we shall recall the notion of the limit of
a function, which is used in the study of continuity, differentiation and integra-
tion. The notion is parallel to that of the limit of a sequence. We shall also state
the definition of continuity and its relation to limits.

A point a € R is said to be a limit point of a subset X < R if every open in-
terval (a — €, a + €) in R, where € > 0, contains a point x # a such that xe X.

Let f'be a real-valued function defined on a subset X of R and a be a limit

point of X. We say that f(x) fends to | as x tends to a if, for every € > 0, there
exists some & > 0 such that

|f(x)—I|<e VxelX satisfying 0<|x—a|<3d.
The number / is said to be the limit of f(x) as x tends to a and we write
)lcigllf(x) =1 or fix)>lasx—a.

Note that f(a) need not be defined for the above definition to make sense. More-
over, the value / of the limit is uniquely determined when it exists.

If )1(1_r>1‘11 f(x) and )lcll}(ll g(x) both exist, then so do )1(1_>ma (f(x) + g(x)) and
lim (f(x)g(x)); morcover,
lim (f(x) + () = lim f(x) + lim g(x)
and

lim (/(e)g(e) = (lim f))( lim g(x)).
If o is any real number, then )lcl_rg (0f(x)) = o )l(ll)r; f(x)).
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If f(x) < h(x) < g(x) whenever 0 < |x—a| < & and if )1&1{11 f(x) and )1(11)‘1} 2(x)
both exist and are equal, then ll_r}}l h(x) also exists and )lcllg h(x) = )lcl_rg fx)
=lim g(x).

The following important formulation of limit of a function is in terms of
limits of sequences.

1-4.1. Proposition. Let /- X—R and let a be a limit point of X. Then liglf(x) =1
if and only if, for every sequence {x,},s in X that converges to a and x, # a for

every n, the sequence {f(x,)} .21 converges to .

Let f'be a real-valued function whose domain of definition is a set X of real
numbers. We say that f'is continuous at the point x € X if, given € > 0, there ex-
ists a & > 0 such that for all y € X with |y — x| < §, we have |f(y) — f(x)| < €. The
function is said to be continuous on X if it is continuous at every point of X. If
we merely say that a function is continuous, we mean that it is continuous on its
domain.

It may checked that f'is continuous at a limit point @ € X if and only if f(a) is
defined and )IEE f(x) =f(a). The following criterion of continuity of fat a point a
€ X follows immediately from the preceding criterion and Proposition 1-4.1.

1-4.2. Proposition. Let [ be a real-valued function defined on a subset X of R
and a € X be a limit point of X. Then f'is continuous at a if and only if, for every
sequence {x,},> in X that converges to a and x, # a for every n, lim f(x,) =
Sim x,,) = f(a).

This result shows that continuous functions are precisely those which send
convergent sequences into convergent sequences; in other words, they ‘preserve’
convergence.

The next result, which is known as the Bolzano intermediate value theorem,
guarantees that a continuous function on an interval assumes (at least once)
every value that lies between any two of its values.

1-4.3. Intermediate Value Theorem: Let I be an interval and f-I-R be a con-
tinuous mapping on 1. If a,b € I and o € R satisfy f(a) < a. < f(b) or f(a) > o >
(), then there exists a point c € I between a and b such that f(c) = o..

1-5 Compact Sets

The notion of compactness, which is of enormous significance in analysis, is an
abstraction of an important property possessed by certain subsets of real num-
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bers. The property in question asserts that every ‘open cover’ of a closed and
bounded subset of R has a finite ‘subcover’. This simple property of closed and
bounded subsets has far reaching implications in analysis; for example, a real-
valued continuous function defined on [0,1], say, is bounded and uniformly con-
tinuous. In what follows, we shall define the notion of compactness in R and list
some of its characterisations. To begin with, we recall the definitions of open
and closed subsets of R.

A subset G of R is said to be open if for each x € G, there is an open interval
(x—¢, x +¢€),e>0, which is contained in G. A subset of R is said to be closed if
its complement is open.

Let X be a subset of R. An open cover (covering) of X is a collection € =
{Gy: ooe A} of open sets in R whose union contains X, that is,

Xc UG, .
o

If @' is a subcollection of © such that the union of sets in €’ also contains X, then
C' is called a subcover (or subcovering) from € of X. If @ consists of finitely
many sets, then we say that €' is a finite subcover (or finite subcovering).

A subset X of R is said to be compact if every open cover of X contains a
finite subcover. The following proposition characterises compact subsets of R.

1-5.1. Heine-Borel Theorem: Let X be a set of real numbers. Then the follow-
ing statements are equivalent:

(1) Xis closed and bounded.
(1) Xis compact.

1-5.2. Proposition. Let f be a real-valued continuous function defined on the
closed bounded interval I = [a,b]. Then f is bounded on I and assumes its maxi-
mum and minimum values on I, that is, there are points x| and x, in I such that

fx1) £f(x) £f(x2) for all xe X.

For our next proposition, we shall need the following definition. Let f'be a
real-valued continuous function defined on a set X. Then f'is said to be uniformly
continuous on X if, given € > 0, there is a & > 0 such that for all x,y € X with

|x —y| <8, we have | f(x) - f(y)| <e.

1-5.3. Proposition. [f a real-valued function f is continuous on a closed and
bounded interval I, then f is uniformly continuous on I.
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1-6 Derivatives and Riemann Integral

Let S < R and x be a limit point of S. A function f: S—R is differentiable at x if

iy L1 )

h—0

exists, in which case, the limit is called the derivative of f at x and is denoted by
f'(x). It is often more convenient to write % f(x) for f(x). The derivative func-

tion f" is the one that maps each point of differentiability into the derivative at
that point and is called simply derivative of f.
If f'(x) and g'(x) both exist, then so do (f+ g)'(x) and (fg)'; moreover,
(f*8)'(x) =/"(x) +g'(x) and (/2)'(x) =/(x)g(x) + f(x)g'(x).
If o is any real number, then (o) (x) = o f'(x)). If x is a limit point of the set on
which g # 0 and also belongs to the set, then

LY <@g~ 1(g')
-

We assume that the reader is aware of trigonometric functions, the exponen-
tial and natural logarithm functions, and also of their limit and differentiation
properties, such as

4 sinx = cosx, 4 tan 'x = 1 d Inx = and so forth.

1
dx dx 1+x*°  dx x
The functions can be defined variously via limit processes and all their proper-
ties learned in calculus can be derived from there. The manner in which this is
done will be of no consequence for the material in this book.
1-6.1. Proposition. Chain Rule: Suppose f: S—R is differentiable at x € S and g
maps a set containing f(S) into R. If g is differentiable at f(x) € f(S), then the
composition gof'is differentiable at x and

(gof)'x) =g'(f(x)- f').

Let 7 denote an interval. A function f: />R is said to have a local maximum
at ¢ € [ if there exists & > 0 such that x € I, [x— ¢| < 8 = f(x) < f(¢). Similarly for
a local minimum.

A function f: />R is said to be increasing if, for all x|, x, €1,

X1 <x = f(x1) < f(x2)
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and strictly increasing if
x1 <x = f(x1) < flx2).

Correspondingly for decreasing and strictly decreasing. A monotone function on
an interval is one which is either increasing or decreasing.

1-6.2. Proposition. If f:[a,b]—R satisfies f'(x) = 0 for every x € [a,b], then f is
increasing. Similarly, if f:[a,b]—>R satisfies f'(x) < 0 for every x € [a,b], then [
is decreasing.

1-6.3. Proposition. Iff:[a,b]—>R has a local maximum or a local minimum at ¢
€ (a,b) then f'(c) = 0.

1-6.4. Proposition. Suppose f:[a,b]—>R satisfies f'(c) = 0, where ¢ € (a,b). If
f"(c) <0 then f has a local maximum at ¢ and if f"(c) > 0 then f has a local min-
imum at c.

1-6.5. Mean Value Theorem: Suppose the continuous function f-[a,b]>R is
differentiable on (a,b). Then there exists some & € (a,b) such that

Jb)=fla)=fE)(b~a).

1-6.6. Taylor’s Theorem: Suppose ne N and f:[a,b]—>R is a function such that
FV is continuous on [a,b] and f™ exists on (a,b). Then there exists some ¢ €
(a,b) such that
n=1 ¢(k) (n)
a c "
=3I Do + LDy

k=0

1-6.7. Proposition. Suppose f:[a,b] >R has derivative zero at every point of its

domain. Then the function is a constant.

If the equation f(x) = y, where y is given and x is to be found, has a solution
x = r, then the sequence {x,} generated by the scheme

Xp+1 = Xp + f,(xpyl (y_f(xp))

converges to the solution » under appropriate but broad hypotheses. One such set
of hypotheses is that on some interval containing » but not as an endpoint, |/’
has a positive lower bound m, the second derivative |f”| has an upper bound M

and |x;—r| < % This way of approximating the solution is called Newton'’s
method. Although we shall not make direct use of this, we shall be drawing a

parallel between it and something else that we shall encounter.

By a partition P of an interval [a,b] we mean a finite sequence of points x;
in the interval such that
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P:a=xy<x; < <x,=b.

For a bounded function f:[a,b]—>R and any partition, the nonempty set {f(x) :
X1 < x < x;} is bounded above as well as below for each k. Consequently, it has
supremum M; and an infimum my. The upper and lower sums of f over the par-
tition P are, respectively,

ZMi(i—xic1)  and 2 my(Xe—Xpe1).

Their respective infimum and supremum are called the upper and lower inte-
grals respectively of f'and are denoted by Lb f and jf f.
Thus

[ f = inf {3 My(x,—x,.1) : all partitions P}
and

i : f=sup {él m(x;—X;;) : all partitions P}.

It turns out that f: f2 jj f for every bounded function f. If equality holds, then
the function f is said to be Riemann integrable, or simply integrable, and the
integral of f from a to b is the common value of the upper and lower integrals,
denoted by .

[of-
Sometimes it is convenient to speak of f being integrable on [a,b].

The integral exists, for instance, if fis continuous or monotone.

If the restriction of f to [a, B] < [a,b] is integrable, we say that /" is inte-
grable on [, B].

If f:[a,b]>R and g: [a,b]—>R are both integrable on [a,b], then so are f+ g,
fgand of (o a real number); moreover,

Jo U=l r+ g and [ @)=off.
Suppose f:[a,b]—R is bounded and a < ¢ < b. If f is integrable on [a,b],
then it is integrable on [a, c] as well as [c, b], and the equality
o/ =l f1f
holds. Conversely, if f is integrable on [a,c] as well as [c, b], then it is integrable

on [a,b] and the foregoing equality holds. The equality holds without the pro-
viso that a < ¢ < b if we agree that

[Lf=-15r.
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If f:[a,b] >R and g:[a,b]—R are both integrable and f(x) < g(x) for each x
ela,bl, then[ f<['g.

If fis integrable on [a,b], and [o, B] < [a, b], then f'is integrable on [a, B]. If
also />0 on [a,b] then [* f <[' /.

1-6.8. Proposition. Let f:[a,b]>R be integrable. Then |f|:[a,b]—>R is also
integrable and

12 <Iim.

The following is known as the fundamental theorem of integral calculus.
1-6.9. Proposition. Let f:[a,b] >R be integrable and let
Fx)=[ f,a<x<b.

Then F is continuous on [a,b]. Moreover, if f is continuous at a point c € [a,b],
then F is differentiable at c and

F'(c) = f(o).

There are two versions of the substitution rule or change of variables for-
mula, and it is the first version that we shall generalise to higher dimensions in
Chapter 7 as the transformation formula for integrals.

1-6.10. Proposition. Version 1: Suppose ¢:[o,B]—[a,b] is a bijection having a
continuous derivative that vanishes nowhere. If (fo@)|@'| is integrable on [o.,B]
and { is integrable on the image ¢([o,B]) = [a, b], then

Lr=12 (o0l

The reason for the absolute value on the right side is that in case ¢’ <0 eve-
rywhere, we have (o) = b and @(B) = a. It is possible to deduce the integrability
of (fo@)|@’| from the remaining hypotheses. See Pugh [21, pp. 170-171].

1-6.10. Proposition. Version 2: Let F:[a,b]>R and ¢:[o,B]—[a,b] both be
differentiable. If F' and (F'o @)@’ are both Riemann integrable, then

J.<p(B) Fre IB Fo ,
q)(oc) - O(( (P)(P *

It is not presumed in either version of the above proposition that @(a) <
o).

The next result is the formula of integration by parts.

1-6.11. Proposition. Let f and g be differentiable functions on [a,b] having in-
tegrable derivatives f'and g'. Then the products fg' and f'g are integrable, and
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[? fg'=f(b)gb) - fla)g(a) -] f'g.

1-6.12. Proposition. Suppose {f,},>1 is a sequence of Riemann integrable func-
tions on [a,b] with uniform limit f. Then f is Riemann integrable on [a,b] and

timf, £, = [, /"

If a function f* [a, <] —>R is integrable on [a,b] whenever a < b , the symbol
[ f means 21_1:2 jj £, even if the limit does not exist. If it does not, we say that
[” 1 is divergent; otherwise convergent. In either case, [~ f is called the improper
integral of f over [a,e). If it is convergent, we speak of f being integrable over
[@,e°).

1-6.13. Integral Test:.Suppose f[1,00)—>R is nonnegative-valued and decreas-
ing. Then the series 21 [(k) converges if and only if the improper integral || f
converges.

1-7 Matrices

We shall confine our attention to matrices whose entries are from the field R of
real numbers, as these are the only matrices that will be used in subsequent dis-
cussions.

An array of mn real numbers with m rows and »n columns,

a4 ay,
dy Ay Ay
aml amZ amn

is called a real mxn matrix. When m = n, the array is called a square matrix of
order n or simply a matrix of order nxn. Its diagonal containing the entries
ay,0y,...,4a,, is called the leading or main diagonal.

> "nn

In writing, a matrix is often denoted by a single letter 4 or X, or by any oth-
er symbol one cares to choose. For example, a common notation for the matrix
of the definition is 4 = [a;;], where a;; denotes the entry in the ith row and jth
column. The square bracket is a conventional symbol and is indicative of the
fact that we are not considering a determinant. A matrix with a single row

A = |:a1 az e an s
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where a;,a,,...,a, € R, is called a row matrix, and a matrix with a single col-
umn
b,
B= bf :
bm
where b,,b,,...,b,, € R, is called a column matrix. Row vectors can be con-

verted into column vectors and vice versa by an operation that is called
transposition. It is practical to define transposition for any matrix. The transpose
of any mxn matrix 4 = [a;;] is the nxm matrix that has the first row of 4 as its
first column, the second row of 4 as its second column, and so on. Thus the
transpose of the matrix 4 = [a;;] is

A Ay Ay
AT = b a?z )
iy Gyt Ay
The transpose of the row matrix 4 = [al a, - an] is the column matrix
a4
a
2
AT =
a

and the transpose of the column matrix

bl

B= b?

L
]

is the row matrix B = [b b, -+ b

m

The matrices 4 = [a;;] and B = [b;;] are equal if the number of rows (respec-
tively, columns) in 4 equals the number of rows (respectively, columns) in B
andag;=b;for1 <i<m,1<j<n.

Two matrices 4 and B are said to be conformable for addition if each has
the same number of rows and the same number of columns as the other. The
sum of two matrices 4 = [a;;] and B = [b;;] is defined only when they are con-
formable for addition. Their sum is then defined as the matrix having a;; + b;; as
the entry in the ith row and jth column. Thus,
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The matrix —A4, where 4 = [a;], is that matrix whose entries are those of 4
multiplied by —1, that is,
-A4= [_aij]~
The matrix having every entry 0 is called a null matrix and is written O.
When o is a real number and 4 = [a;] is a matrix, a4 is defined to be the
matrix each of whose entries is o times the corresponding entry of 4, that is,
By virtue of the definitions above, we are justified in writing

24 instead of A + A
34 instead of 54 —2A4.

Further, since the addition, subtraction and scalar multiplication of matrices is
based on the addition, subtraction and scalar multiplication of corresponding
entries, the laws that govern these operations also govern the analogous opera-
tions on matrices. More precisely, we have the following:

Let 4,B,C be matrices that are conformable for addition and o, be real
numbers. Then

(i) A+(B+C)=A+B)+C (associative law)
(il) A+B=B+4 (commutative law)
(i) A+0=4

(iv) A+(-A4)=0
(v) ofA+B)=o0d+0B
(vi) o(BA) = (aP)4.

Two matrices 4 and B (in that order) are conformable for multiplication if the
number of columns in 4 is equal to the number of rows in B. The product AB is
then defined to be the matrix whose entry in the ith row and jth column is

1
kgl aikbkj.

Thus 4B = [kZZ‘.I a;xbi;]. A numerical example will perhaps be helpful. Take

1 -1 3 45
A= and B= .
{0 2 } {6 0 8}

The number of columns of 4 is equal to the number of rows of B. The entry in
the first row and second column of AB equals

2 a1 b= (D@ + (-1)(0) = 4.

The other entries of the product may be similarly computed. Upon doing so, we
obtain
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-3 4 -3
AB = .
12 0 16
The reader may note that 4 and B may be conformable for the product AB but
not for the product B4, in which case the latter product is undefined.

In general, AB # BA (even when both AB and BA are defined).

The other properties of matrix multiplication are similar to those for num-
bers, that is,

(1) (04)B=0(4B)=A(aB) when @ is real;

(i) ABC)=(4B)C (associative law)
(iii)) (A+B)C=AC+BC (right distributive law)
(iv) C(A4+B)=CA+CB (left distributive law),

provided the matrices 4,B and C are such that the expressions on the left are
defined.

The square matrix of order n that has 1 in its leading diagonal places and 0
elsewhere is called the identity matrix of order n. It is denoted by /. Let 4 be a
square matrix of order n; then 4/ =14 = A. Also, [ = P’=r=...

For real numbers, xy = 0 implies that either x or y (or both, of course) must
be zero. This law does not govern matrix products; that is, 4B = O does not nec-
essarily imply that 4 = O or B = O. Indeed, for the matrices

a b b 2b
A= and B= R
0 0 -a —2a
the product 4B is O. Again, AB may be O but not B4. For example, if

a b b 0
A= and B= ,
) L

then

1-8 Determinants

Let ji,/2,...,j. be an ordering of the positive integers 1,2,...,n. An inversion
occurs in this ordering whenever a greater integer precedes a smaller one. The
number of inversions occurring in ji,j, ... , j, is the sum

k:sz:'lk“
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where £; is the number of integers greater than s that precede s in the given or-

dering ji,j2, - s jn-
Let 4 = [a;;] be an nxn square matrix of real numbers. The determinant of A

is the number

ay dp 4y,
a a e a
_ |9 an | _ k
|4]= : S T 2= ayj, Gy j, Ay, >
anl an2 ann

where in each term, the second (column) subscripts ji,/, ...,/, are some order-
ing of 1,2,...,n and the sum is taken over all possible ji,/3, ..., ,. For each term,
the exponent & in (—1)* is the number of inversions occurring in jy, s, ... , /. Be-
sides the notation | 4 | for the determinant of 4 = [a;;], we also write

ap dp 4y
a, a a
D=deta=|" 2
anl an2 ann
It can be shown that
D=a;,C,+a;,Cr,++a;,C,, j=12,....n 3)
and
D=a,C,+a,,Cp+-+a,C,., k=12,....n, 4
where

Cp=(=1/"detM

and M, is a matrix of order n—1 obtained by deleting the jth row and kth col-
umn of 4.

The following expansion of the third order determinant is instructive:

1 30
6 4 2 4 2 6
D=2 6 4|=(-D""1 +(=D'"*.3 +(=D*.0
102()‘02() —12() -1 0

=12-3-840-6=-12.

This expansion has been implemented using the first row. The expansion using
the third column gives

2
D= (-1)'"-0

13
+(=1)". 2‘

=-12.
]

3
0

6 1
+(—1 2+3.4
e ‘_1
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We list below some properties of determinants:

(i) Interchange of two rows or columns multiplies the value of the determi-
nant by —1.

(i1) Addition of a multiple of one row or column to another does not alter the
value of the determinant.

(i) Multiplying one row or column by & multiplies the value of the determi-
nant by k.

(iv) Transposition leaves the value of the determinant unaltered.
(v) A zero row or zero column renders the value of the determinant zero.

(vi) Proportional rows or columns (i.e., ones which are multiples of each oth-
er) render the value of the determinant zero; in particular, if two rows or
columns of a (square) matrix are identical, then the determinant of the
matrix is zero.

(vii) If A and B are square matrices of order n, then
det (4B) = (detA)(det B).

We next discuss elementary row and column operations for matrices:
(1) Interchanging two rows or two columns;
(i) Multiplying a row or column by a nonzero real number;
(i) Adding a multiple of a row or column to another;
(iv) Adding a row or column to another (special case of (iii)).

A square matrix of order n is called an elementary matrix if it can be ob-
tained from the identity matrix of order n by a single elementary row or column
operation of type (i), (ii) or (iii). Elementary operations can be represented by
elementary matrices in the following manner. Let £ be the elementary matrix
obtained by performing an elementary row (respectively, column) operation on
1. If the same elementary row (respectively, column) operation is performed on a
square matrix 4 of order n, then the resulting matrix is the same as the product
EA (respectively, AE).

For instance, suppose 4 = [a;;], i,j = 1,2,3, and

0 1
E12: 1 0
0 0

- o O

is the elementary matrix obtained by interchanging the first and second rows in
1. Then
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0 1 O0ffa, a, a; ay Ay Ay
Epd=|1 0 0]|ay ay ay a4 dg
0 0 1]|ay a5 asy a3 43 ds

Thus the resulting matrix is obtained from A by interchanging the first and
second rows.

We record the following observation here: If in the elementary row (or col-
umn) operation of type (iii) above, the multiplying factor is 0, then the resulting
elementary matrix is the identity matrix; otherwise it is a product of two elemen-
tary matrices of type (ii) with an elementary matrix of type (iv), the latter
appearing in the middle. An illustration is shown when 5 times the third row is
added to the first row:

(=
S = O
(== ]

5
0 —
1

=
S = O
S = O

0
0].
5

(=

1
0
1

(=
(=

1
5

A square matrix is said to be invertible or nonsingular if there exists a
square matrix B of the same order such that 4B =BA = 1.

Such a matrix B, which can be proved to be unique (if it exists), is called the
inverse of A and is denoted by A™'. The inverse of 4 can be obtained from what
is called the adjoint of A, written as adj(4) whose (i,/)th entry is the cofactor of
a;;, that is, (-1/* det(Mj ;) , where M;; is the submatrix of order n—1 obtained
from A4 by deleting the jth row and the ith column. The relation between the in-
verse and the adjoint is that

-1

__ 1 :
= dal) adj(4).

The following statements for a square matrix 4 of order n are equivalent:

(a) A is invertible;

(b) There exists a unique square matrix B of order n such that 4B = BA
=1

(c) A is a product of elementary matrices;

(d  det(4)#0.

See Artin [2, p. 16], Gopalkrishnan [12, p. 245], Singh [24, p. 40] or Hoffman
and Kunze [14, p. 255].

We shall need the following simple consequence: In view of the observation
recorded above, every invertible matrix is a product of elementary matrices of

type (i), (ii) or (iv).
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Functions Between Euclidean Spaces

2-1 Background

Solving equations of various sorts is one of the main concerns of mathematics.
Equations in which there is more than one unknown or ‘variable’ naturally in-
volve functions of more than one variable. The phrase ‘several variables’ is to be
understood in the sense ‘more than one variable but including the possibility of
one variable as a special case’.

The kind of equations that are of concern here are limited (e.g., differential
and difference equations are excluded). Some equations may have no solution:

x=x+1 (no solution, obviously)
(x+ 1)’ =x*=2(x+6)+ 18 (no solution, almost as obviously).

Some equations may have many solutions, such as sinx = 0. For others, the solu-
tion required may be a function:

x*+y* =1, find x in terms of y.

A system of equations (sometimes called simultaneous equations) may ask for
some variables to be expressed in terms of the remaining variables:

2x+3y+7z—-8w=3
4x+6y+8z—-Tw=4,

where x and y are to be obtained in terms of z and w (can’t be done!). For linear
systems the subject of linear algebra provides complete answers in terms of ma-
trices and determinants. In what follows, we shall be concerned more with
nonlinear systems, in which the left hand sides have continuous partial deriva-
tives.

The answers provided for questions about nonlinear equations are not as sa-
tisfactory as for linear systems in linear algebra. No general solution methods
are available for nonlinear systems; the sufficient conditions for existence of a
solution are not necessary conditions, and even the existence has a limitation
that is rather too technical to describe at this stage. Because of the limitation, the

solutions obtained are local solutions in mathematical parlance.
A system of two equations such as

Si(x1,x2,91,2,3) =0
ﬁ(‘xl »X2, )1 ’y2ay3) =0

S. Shirali, H.L. Vasudeva, Multivariable Analysis,
DOI 10.1007/978-0-85729-192-9_2, © Springer-Verlag London Limited 2011
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can be regarded as a single equation for the single function fthat maps the point
(X1,X2,1,¥2,y3) of RXRxRxRxR = R? into the point

(i x1,x2,¥1,02,¥3), L(X1,%2,¥1,)2,)3)) of RxR = R’.
The equation for f can be written as simply f(u) = 0, where u is the element
(x1,X2,¥1,)2,¥3) In R® and 0 on the right hand side denotes the element (0,0) of
R2 If the intention is to solve for (x1,x2) in terms of (yy,)»,y3), then we natural-
ly think of R® as R*xR*> and write the equation as

fx,y)=0eR?,
where x = (x,x,) € R* and y = (1,12, 73) € R*. The domain of f'is then unders-
tood to be a subset of R*>xR’. In order to carry over ideas of continuity and
differentiability to such functions, we need to know more about R” when n may
be greater than 1. We discuss the relevant aspects of R” in the next section.

2-2 Euclidean Spaces

We begin with a formal definition of what we mean by R” and other relevant
terminology.

2-2.1. Definition. The Cartesian product RxRx---xR (n factors) consisting of
all ordered n-tuples x = (x|, Xz, ... ,x,), where x, € R for 1 < k < n, is denoted by
R". By the kth coordinate (or component) of x, we mean the number x;. The
sum of x, y € R" is the ordered n-tuple x + y for which the kth component is giv-
en by (x +y=xp+ ypfor 1 £k<n. For a.€ R, the product o is the ordered n-
tuple for which the kth component is (0x);, = avx; for 1 <k < n. That is to say,

X1,X0, o, X)) T LY, LY T X T YL, X Yo, Xt )
and oUxy, X, -on 5 X)) = (000, O, ..., OX,).

The set R" with sum and product as defined above will be called Euclidean n-
space.

We shall generally speak of ‘components’ when #» > 3 and ‘coordinates’
when 7 < 3, except in a context where established convention dictates otherwise.

Elements of Euclidean n-space are often referred to as vectors or as points,
or sometimes also as n-vectors if necessary. In the context of Euclidean spaces,
real numbers are often called scalars. The reader who has encountered ‘plane
vectors’ in an elementary context, will recognise that when (x,x,) is regarded
as providing the coordinates of the ‘terminal point’ of a plane vector, then addi-
tion as described above corresponds to the parallelogram law. Similarly in three
dimensions. Also, o is the vector obtained from x by ‘scaling’ it by a factor o.
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The vector in R” with x; = 0 for every k is called the zero vector of R” and
is often denoted simply as 0, because usually there is no danger of confusion. It
is trivial to see that the zero vector satisfies 0 + x = x for any vector x € R". Also,
given a vector x € R”, the associated vector —x such that (—x); =—x; for 1 <k <n
has the property that (—x) + x = 0. In fact, the same laws of addition hold as for
real numbers. It follows that cancellation and other properties of addition in R
continue to be valid in R” and that terms in a finite sum of vectors can be rear-
ranged at will.

When the symbol x, is employed for the pth term of a sequence {x,} (either
finite or infinite) in R”", it does not represent the pth component of any single
vector called x. In such a situation, we shall denote the kth component (1 <k <
n) of the vector x, by the symbol x”). In the next paragraph we deal with a spe-
cial finite sequence {e;} <<, of vectors, using subscripts to denote the order of
the term in the sequence and not to indicate a component.

The vectors
e =(1,0,0,...,0), e,=(0,1,...,0), ... , ,=(0,0,0,...,0,1)
constitute what is called the standard basis of the Euclidean space R". By an
easy computation based on Def. 2-2.1, xje; +xpe,+ - +x,e, = (X1,X2, ... , X;,)-
Furthermore, the converse is also true, namely, that any x = (x;, x, ..., x,) € R"

can be expressed as
x=xye txe,+ - +x,e,.

Such an expression for x is unique in the sense that, whenever §,,&,, ..., &, are

real numbers for which the equality x = §,e; +&ey + -+ + e, holds, the ‘coeffi-
cients’ &1, &, ..., &, must necessarily be the components of x; this is because

x=xie;txert tx,e,= (X1, %2, ..., X,)

x:§161+§262+'“+§nen :(§13§23 9E,sn)a
((:1,(:2, ,E,,,):(xl,xg, ,Xn).

and also

so that

2-2.2. Definition. The inner product of x, y € R" is the real number éu Xy and
is denoted by x+y. It is also known as dot product or scalar product. Since x*x
is a sum of squares, it is always nonnegative and therefore has a unique nonneg-
ative square root. The nonnegative square root of x*x is called the Euclidean
norm of x and is denoted by ||x||,. Thus

n 1
el = (E )"
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The reason for the subscript 2 will become clear later. The function which
maps each x € R" into || x|, is called the Euclidean norm on R" and is denoted by

Iz

The reader is cautioned that some authors define a Euclidean space not as
simply R" but instead as R" with the Euclidean norm; see Rudin [22, p. 16].
However, Apostol [1, p. 47] and Spivak [26, p. 1] define it as we do, while So-
hrab [25, pp. 28, 159] defines it both ways.

The following properties are easy to establish; they hold whenever x,y are
any n-vectors and o, 3 are any real numbers. (In (3), the symbol ‘1’ stands for
the real number 1.)

(1) ox +y) = o + o
(2) (o0 + B)x = o + P
3) Ix=x;

(4) ou(Bx) = (oP)x = B (ow).

There are many more and they will be used as and when needed.

2-2.3. Proposition. Suppose x, y, z€ R" and o. is any real number. Then

(@) [[=x[l2 = l|x[l2 2 0; also ||x|[, = 0 if and only if x = 0.

(b) llowx[l> = [od[[x]]>-

©) |xy| < ||xlLyll2. If equality holds here and ||x||; # 0, then there exists some
real number B such that y = Bx. Similarly if ||y|l, # 0. This is the Cauchy—
Schwarz inequality.

() [lx+yll2 < llxll2 + {1 y[]2. (triangle inequality)

@ [lx =zl < llx =yl +[[y—zl.

O [Ixll =l < lx=pll2-

Proof. (a) Since ||x]||, is, by definition, the nonnegative square root of élxi, we

have ||—x||, = |||l = 0. Also, ||x||, = 0 if and only if ||x||3 = 0, which means kZi‘.lxi

= 0. But each term in the sum élxi is nonnegative. Therefore k)é} x; =0 if and

only if each x; = 0, or equivalently, x = 0.

(b) lloall3 = & 02 = 02( £ x2) =023 = (o x]1.)%

(c) For 1 <k <n, we have (x¢|| y|l» —yl|x|]2)> = 0. Therefore

213 = 2xallx |l vl + p2Ix]B = 0. (1)

By taking the sum over k=1, ...,n, we obtain
(DR -2 w00 [xlal b+ (Ey2)IxE 20.

In view of the definition of norm, this inequality becomes
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xRV 12 = 2CZ xevollx Iyl + 1xl3v15 > 0,

from which it follows that
BB — (& 3w lxllall vl > 0. @

If ||x]| = 0, then x = 0 by (a), and hence élxkyk, i.e., x*y = 0, which guarantees
that |x-y| < ||x|]2/|»||2. Similarly if || y|l, = 0. Suppose neither ||x||, nor |||}, is 0.
Then (2) shows that || x|||y]|> = kzillxkyk = x-y. By virtue of (a), it further follows
that [|x|]|yll2 = [Ix]2]|=vll2 2 x*(=) = —(x+y). Thus we see that the inequality in
(c) is valid. For the other assertion in (c), consider the possibility that |x-y| =
x|l v||. When this is the case and x+y > 0, equality must hold in (2) and there-
fore also in (1), 1 £ k < n. Consequently, x;||y|h—yllx], =0 for 1 < k < n.
Hence the number B = || y||2/||x|l, must satisfy y, = Bx; for 1 < k < n. If instead
x'y <0, then we obtain the same conclusion upon replacing y by —y.

(@) lx + 315 = 3, 0o+ 0)* = E g+ 25 v + 2 v
= [l +20e) + 1y
< |lx|B+2llx]Lliylle + 713 by part (©)
= (Ixlla+ 112)°.

@ [[x=zl=[l(x=»)+ (=22 < [x =yl +[ly -zl by part (d).
O [[xll = 1Gc=p) + ¥l < [lx =yl + [ ¥ll2 by part (d). Therefore,

Ixll2=yll2 < flx=yll2-
By an analogous argument, ||y||,—||x|> < ||y —x|,. But what has been proved in
part (a) shows that ||y —x||, = ||-(x —»)||» = ||x —»||». Therefore,

[Vl = lIx]l2 < [lx =yl

The two inequalities displayed above together yield |[|x|[,—||y|l2| < [|x=y|,. O

It is worth noting here that the proofs of (e) and (f) depend exclusively on
(a) and (d) while the proofs of (a)~(d) invoke the definition of the Euclidean
norm.

2-2.4. Remark. Note that an element of R can be regarded as an ordered 1-
tuple. The Euclidean 1-space R' is thus the set of real I-tuples with sum and
product as in Def. 2-2.1. The mapping ¢ from R' to R such that x—x, is clearly
a bijection satisfying

dx+y) =@ty =x1+y1 =0x)+0(y), xy=x1y1=0x)(y),
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and d(ox) = (o), = ooy = od(x) = ¢ '(o0)-x for any real number o.

This means that, for all intents and purposes,

(i) the sum of x and y as elements of R' has the same meaning as
the sum of ¢(x) and ¢(y) in R;

(ii) the scalar product of x and y as elements of R' has the same
meaning as the product of ¢(x) and ¢(y) in R; and

(iii) the product of o € R and x € R' has the same meaning as the
product of 0. € R and ¢(x) € R, which is essentially the same as
the inner product of ¢ (o)) € R' and x € R'. We may ignore the
distinction between the real number ¢(x) € R and the vector x €
R', as long as we keep in mind that both the products of R' are
actually the same as the ordinary product in R.

Since [|x|| = [x*]"

= |x].

= |x1| = |0(x)| and we identify x with ¢(x), we may write ||x||

In working with the concepts of convergence, open set, continuity and so
forth in R, the fact that the norm, i.e., absolute value, possesses properties (a),
(b) and (d) of Proposition 2-2.3 is needed at every turn. Availability of these
properties for the norm in R” enables us to extend the concepts to R” by having
the norm take over the role of absolute value; this will become evident as the
chapter proceeds.

There are two other standard norms, || ||; and || ||.. on R" defined as:
1 .
Il =2 %1, X[l = max {|x;| : I <j <n}.

These two norms can be shown to satisfy the analogues of parts of (a), (b) and
(d), but not (c) of Proposition 2-2.3. This is the reason for the common name
‘norm’. Other norms are also possible, but we shall not need them. Since (¢) and
(f) of the proposition follow solely from (a) and (d), they are true of all norms.
The proof that || ||; is a norm is left as a problem [see 2-2.P1], but we shall prove
it for || ||.. in Proposition 2-2.5 below.

Before proceeding, we point out that the inequalities |x;| < [|x]|;, [x;] < [|x]]2,
|x;] < [| x| always hold for 1 <j <n.

2-2.5. Proposition. Suppose x, y, z€ R" and o. is any real number. Then

(@) ||=¢|les = l|x||- = 05 also || x|l. = 0 if and only if x = 0.

(b) [loxx]los = lotf[[ x| -

(©) lIx+yllo < {[xlleo + [ ¥lls- (triangle inequality)

Proof. (a) This is obvious from the fact that ||x|l.. = max {|x;| : 1 <j < n} =

max {|-x;| : 1 <j<n}.
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(b) If o = 0, then owx; = 0 for 1 <j < n and hence || ox||.. = max {|ow;| : 1 <j<n}
= 0, while at the same time, |0(|[|x[[. = 0-]|x[|. = 0. If 0. # 0, then |0 > 0 and | ow;]|
< |owy| if and only if |x;| < |x|. Hence

max {jow;| 1 1 <j<n} = |ofmax {|x;| : 1 <j<nj},

Le., [lox(l.. = forf[|x|.
(c) By definition of || ||.., we have |x;| < ||x[| and |y;| < ||y]|. for 1 <j <n. It fol-
lows that |x;+y,| < |x;|+|y] < [|x]le T[]l for 1 <j < n. Appealing to the

definition of || ||.. once again, we conclude that ||x + y||.. < || X + || V] - O

What makes these norms useful is that they are simpler to compute than the
Euclidean norm (no root is involved) and also have the following relation to the
latter:

2-2.6. Proposition. For any xe R", we have
@) lxlls = lixllz = llxll = 7llx]ls -
®) [Ix]l2 < Nr)-flxl .
Proof. (a) The first inequality follows from the fact that one of the terms in the
sumél || = ||x||3 equals ||x]|2.

For the second inequality, we use induction on n: If n = 1, then ||x||, = ||x]|;
for any x. Suppose ||x||, < ||x]|; for any n-vector x. Then for any (n+1)-vector x,

oS (B xg < () x

2 n+l 2 & 2
lIxll2 = =% T E% T Xh

+1
202, 1)) | = (Z, ) = 11117

2
n+l

2
n+l

+

Since |x;| < ||x]l.. for 1 £k < n, it follows that ||x||, :jﬁ:ll|xj| < n+||x|., which
proves the third inequality.

(b) Since |x;| < ||x||.. for 1 < k< n, we have ||x|)3 :jg x> < n- ||x]|2. O

The inequalities (a) of Proposition 2-2.6 render the three norms equivalent
in the sense that whatever we have to say in connection with convergence, con-
tinuity or differentiability will usually be true with reference to one norm if and
only if it is true with reference to the other two norms. Thus, any one of the
three norms in R” can take over the role of absolute value in R. In view of the
equivalence, we shall often not specify which norm is intended and denote the
norm by || ||, i.e., without any subscript. Whenever there is a need to work with a
specific norm, we shall choose the one that seems convenient for the situation at
hand.

Here is the first instance of our not specifying a norm on account of reasons
just explained:
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2-2.7. Definition. 4 sequence {x,},> in R" is said to converge to x € R" if for
every € > 0 there exists a natural number N such that

lx,—x|| <& whenever p2=N.

The element x of R" (which can easily be shown to be unique) is called the limit
of the sequence. In symbols, x,—x or lign x, = x. A sequence is said to be
convergent it converges to some limit.

An alternative formulation would be that x,—x if and only if the associated
real sequence ||x, —x|| converges to 0 in the usual sense of elementary analysis.

Proofs of the properties that
lim (5, +3,) = lim x, + lim y, and i (o) = (lim ot,)(lim )

whenever the limits on the right sides exist are completely analogous to those
for real sequences and will therefore not be taken up. A similar remark applies
to the result that a convergent sequence {x,},> in R" is bounded in the sense that
there exists a real number M such that ||x,|| < M for all p.

2-2.8. Proposition. 4 sequence {x,},>1 in R" converges to x € R" if and only if
the real sequence {x'¥ _),«}121 converges to the real number x; for each j. In other
words, convergence in R" is equivalent to componentwise convergence.

Proof. Note that (x,—x); = x”)—x; by Def. 2-2.1. Therefore [x"}—x;| =

|(x, —x);| <||(x,—x)||. This implies that if x,—>x then x'*’; — x; for each ;.

(P).
J

each j there exists V; such that |(x, —x);| < € whenever p = N;. Set N = max {N, :

For the converse, suppose x; — x; for each j and consider any € > 0. For
1 <j<n}. Then, for every j, 1 <j<n, |(x,—x);| <& whenever p 2 N. It follows
that max {|(x,—x);| : 1 <j < n} <& whenever p > N. But this means precisely
that ||x, —x||.. < € whenever p =2 N. By Proposition 2-2.6, such an N exists for the
other two norms as well. ]

2-2.9. Definition. 4 sequence {x,},> in R" is called a Cauchy sequence if for
every € > 0, there exists a natural number N such that

X,—x,|| <€ whenever p>=N and g=N.
4 q

As in the case of R, it is easy to prove that a convergent sequence in R” is
Cauchy. The least upper bound property of R has the important consequence
that a Cauchy sequence in R is always convergent. This carries over to R” with
very little effort, as we shall now see. Thus R" is ‘(Cauchy) complete’.

2-2.10. Theorem. Any Cauchy sequence in R" converges to some limit.
Proof. Let {x,},» be a Cauchy sequence in R". Now, (x,—x,); = x'} — x¥) by

Def. 2-2.1, and we therefore have [x”} — x| = | (x,—x,);| < ||x, —x,|. It follows
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that, for each j such that 1 < < n, the real sequence {x’ )j}pzl is Cauchy and

hence converges to some limit in R; denote its limit by x;. Then the vector
x=(xp,...,x)€R"

is seen to have the property that x,—x in view of Proposition 2-2.8. (]

2-2.11. Proposition. Suppose {x,},»1 is a sequence in R" and x € R". If for every
€ >0 and every N € N, there exists some integer p € N satisfying p 2 N as well as
lx, —x|| <€, then {x,},1 has a subsequence converging to x.

Proof. Consider € = 1 and N = 1. By hypothesis, some integer p; € N satisfies p;
2 1 as well as ||x,, —x|| < 1. Now consider € = % and N = p; + 1. Then by hypo-
thesis, some integer p, € N satisfies p, > p; as well as ||x,,—x|| < 4. Next, we
consider € =1 and N = p, + 1, and apply the hypothesis once again. Proceeding
in this manner, we obtain a subsequence {qu}qzl such that prq—x|| <%. This
inequality implies that {qu}q21 converges to x. (]

Problem Set 2-2

2-2.P1. Show that the analogues of Proposition 2-2.3 for all parts except (c) hold
for || ||, -

2-2.P2. Show that ||x||; < n"?||x]|,.
2-2.P3. Show that if x-y = 0, then ||x + y[j3 = ||x[]3 + ||y |I3.

2-2.P4. If a, b, ¢ are positive real numbers, show that abc(a + b + ¢) < a’b + b’c
+cla.

2-2.P5. If x,—x, show that ||x,[|—||x||.
2-2.P6. (a) Suppose 0 <p < g and 0 < g, for 1 <j <n. Then prove that
Ean' = Ean”

(b) Show that 117i_r)13°|\x||p = [|x||., where x = (x;,...,x,) € R" and ||x||, =

2 1/ — . .
(151, Il = max {|x;| - 1 <j<n}.
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2-3 Simplest Functions Between Euclidean Spaces (Linear)

A function (or ‘map”) will often be referred to as a transformation when the
domain is a subset of R” with n > 1.

2-3.1. Definition. A map (or mapping) A:R"—R" is called linear if
A(x) +x3) = A(xy) + A(xy) and A(cx) = cA(x) V x1,x,xeR"and c € R.

When a map A is linear, we shall delete the parentheses ()’ in ‘A(x)’ whenever
convenient. Thus the above conditions defining linearity can also be written as

A(x; +x2) = Ax; + Ax; and A(cx) = ¢(Ax) V x1,x;,xe R"and c € R.
A linear map is sometimes called a linear operator or a linear transformation.

2-3.2. Examples. (a) n =m = 1. The map 4:R"—>R" defined by 4x = 5x is easily
seen to be linear: 5(x; +x,) = 5x; + 5x; and 5(cx) = ¢(5x). Instead of 5 any other
number could have been taken of course; thus the map 4 such that A(x) = ax is
linear, whatever the number a may be.

In fact, these are the only linear maps when n = m = 1, because A(x) =
A(x-1) = x*A(1) = ax, where a = A(1). This will also follow from more general
considerations below.

(b) n =1 but m is any positive integer. Let b be any vector in R". Define the map
A:R">R" by Ax = xb (product of the scalar x with vector b). Since

(x1+x2)b=x1b+x:b and x(cb) = c(xb),
which is to say,
A(x) +x3) =Ax; + Ax, and A(ch) = c(A4x),

the map 4 is linear. The special vector b that plays a role in describing 4 can be
expressed as b= 1b=A1.

Conversely, any linear map 4:R"—R" (where n = 1) is of this kind, because
if we set b= A1, we have Ax = A(x'1) = x-A(1) = xb.

Linear maps 4:R"—R" with n = 1 will be referred to again and the reader
would do well to keep this example in mind for ready retrieval when it is men-
tioned later on.

(¢c) m = 1 but n is any positive integer. Let z € R". Define a map R"—>R by
x—z-x, the dot product of z and x in R". Then elementary properties of the dot
product lead to

zo(x; +x) =zxy +zx3,  z(cx) = c(zx),

which is the same as saying that the map x—z-x from R” to R is linear. This
example will also be needed in the sequel.
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(d) n = m = 2. Let a,b, ¢c,d be real numbers. The map A:R*>SR? defined as
A(x,y) = (ax+ by, cx+dy) is linear. A part of verifying the linearity is to check
that, for any (x, y) € R? and (x', ) € R the vector (a(x +x") + b(y +y"), c(x +x') +
d(y+y") is the sum of (ax+ by, cx+dy) and (ax'+ by’, cx'+dy"). This is easily
checked. The other part is to check that, for any scalar A and any (x, y) € R?, the
vector

(@0 + b0w), c(x) +dOy)

is the same as Max + by, cx +dy).

This too is easy to verify.
To solve the linear equations
axtby=u
ex+dy=v,
where u and v are given, is to find (x, y) such that A(x, y) = (u, v).
It is a consequence of the discussion below that the only linear maps of R?
into R? are of the kind described in the foregoing example.

A linear map from a space R”" into itself is often called a linear map (or li-
near operator) in R".

Any linear map A satisfies 40 = 0, because 40 = A(0 + 0) = 40 + 40 =
2(A0). The fact that A0 = 0 for any linear map A will be used in future without
explicit mention.

Let ey, e, ..., e, be the standard basis
e =(1,0,0,...,0), e,=(0,1,...,0), ... , ¢,=(0,0,0,...,0,1)

of R”, and A:R"—R"™ be linear. If the (vector) values of Ae,, Ae,, ..., Ae, are
given, then the value of Ax for any vector x = xje; +x,e; + -+ +x,e, € R" can be
found easily, because

Ax=x1(dey) +x3(Aey) + -+ +x,(4e,). (D

Some readers may prefer to express this informally as follows: If the vector x
has scalar components xi,x,,...,x, then Ax can be expressed in terms of
Aey, Aes, ... , Ae, with the very same scalar coefficients, namely, x;,x;, ..., X,.
(Caution: It may be possible to express Ax this way with other coefficients as
well.)

One very useful consequence of (1) is that if we know what 4 maps the n

vectors ey, e, ..., e, into, then we know what 4 maps all the infinitely many
vectors of R” into. Thus we can create a linear map by simply deciding what the
vectors Ae;, Ae,, ... , Ae, should be and then leaving the rest to linearity via (1).

Now let fi1, /3, ..., fn be the standard basis of R”. Consider any linear map
A:R">R"™. For each j from 1 to n, the vector Ae; € R™ has m components, which
we shall name as a;;:
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a;; =(4e);, 1 <i<m.
Then ! ’

m
Aej:aljﬁ+a2jﬁ+'"+amjfm: Zlaijf;' s I=j=n
i=

The coefficients a; ; (which are mn in number) form an m>n matrix in the usual
way. Observe that the summation takes place over the first index i, i.e., the row
index, of g;;. In view of (1), for any vector x = xje; +xe;, + - +x,¢, € R, the
image Ax is

Ax=xi(Za f)+o(Lan )+ Ea, /)
:(ji:lal,«wf1+(§laz,«x,>fz+~~-+<§lamj>_c,->fm. @)

This shows that, for any linear map 4:R"—R", there exist mn numbers a;; (1 <
i< m 1< j< n) such that the image of any element (x;,x;,...,x,) €
R" is A(-xl 5 X2, e ’-xn) = (yl 5 V250t st) € Rm; where

Y =ap X tapx, ++a,x,

Yy =y X taynX, +-ta,,x,

(€))

Y = ApXy + A2 X teeet Ay Xp

In other words, if we represent x by the nx1 column matrix [X] with entries
X1,X2,...,X,, and represent Ax = y by the mx1 column matrix [¥] with entries
Vi,V2s---Vm, then [Y] equals the matrix product [A][X], where [4] is the m*n
matrix [a;;]. We refer to the matrix [4] with entries a;; arising from the linear
transformation 4 as the matrix of A. In particular, when n = m = 1, 4 is of the
form y = ax. Also, when n = m = 2, 4 is of the form described in Example 2-
3.2(d).

In the reverse direction, any mxn matrix [a;;] gives rise to a linear transfor-
mation A:R"—R", namely the one defined by (2).

The correspondence described above between linear maps and their matric-
es is one-to-one and therefore a linear map can be completely specified through
its matrix.

As with a map of any kind of a set X into itself, the inverse of 4 is a map
S: X—X such that the compositions 4o and SoA4 are both equal to the ‘identity
map’ I: X—X given by I(x) = x for all x € X. In this context, when X = R”, the
identity map is clearly linear; moreover, the inverse, if any, is also linear. It will
be denoted by A™'. Considerable interest attaches to the question when a given
linear map has an inverse. The elementary fact that a composition 4oB of invert-
ible maps is invertible, with inverse B 'o4™ will be used in Theorem 2-7.11.
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If A and B are linear maps from R" to R"”, then the map x—(4x + Bx) is easi-
ly seen to be a linear map. It is called the sum of 4 and B, and is denoted by
A+ B. Thus

(A+B)x =Ax+ Bx whenever x € R".

If A € R, then the map x—>A(A4x) is also seen to be a linear map; it is called the
product of A and 4, and is denoted by A4. The map (—1)4 will be denoted by
the symbol —4. We shall have occasion to refer to the constant map x— 0; this
constant map will be denoted by O. Such properties as the following are easy to
verify:

A+B=B+A4, A+B+C)=A+B)+C, A+O0=A4,

A+(A)=0, MA+B)=MA+AB,  Mud)= (WA,

and so on. Thus, linear maps behave rather like vectors in R* for some & with
regard to addition and to multiplication by scalars. One can even argue that k
should be the product mn, but this is a matter we do not pursue here.

Linear maps, like other maps, can be composed whenever the range of one
is a subset of the domain of the other. If 4:R"—R" and B:R"—R? are linear,
then the composition Bo4:R"—R” is a linear map, as is easy to check. It is de-
noted simply by BA, without the symbol o to indicate composition, and is called
the product of the linear maps 4 and B. If n = m = p, then both the products AB
and BA are defined, but they are not necessarily equal. In other words, multipli-
cation of linear maps is not commutative (unless n = 1). Such properties as

AB+C)=AB+ AC, (B+ (C)4=BA+ CA, (AA)(UB) = (AML)(AB),
and so on are easy to verify.
2-3.3. Remarks. (a) Let A:R"—>R" and B:R"—R” be linear maps with matrices

[a;;] and [by;] respectively. Then the matrix of the composed map BA:R"—R” is
the matrix product [by;][a;;].

Proof. Let {¢;: 1 <j<n}, {fi: 1 <i<m}and {g; : 1 <k < p} be the stan-
dard bases of R”, R™ and R?, respectively. Then

m P
Aej: I;a,jf, . Bf;: kZ::lbkigk.

Hence, (BA)e;= g a;; Bfi = g a;; ( é brigi) = ;Z; ( ,an byiai;) g .

But this says precisely that B4 has matrix [¢;;] with ¢;; = il by, a; ;. By the defi-

nition of matrix product, the matrix of BA is therefore [b; ;][a;;].
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We note a useful consequence of this result: The identity linear map 7 of R”
into itself has the matrix known by the familiar name of the identity matrix of
order nxn; combined with the above result, this shows that a linear map
A:R">R" is invertible if and only if its matrix is invertible.

(b) To solve the linear equations (3), where y = (¥, 2, ..., V) 1S given, is to find
x = (x1,X2,...,%,) such that Ax = y. A unique solution x exists for every given y
if and only if 4 is invertible; when this is the case, x = A y. However, an inverse
can exist only if m = n. We shall have no occasion to make use of this fact, but
whenever we assume that some linear map A:R"—R" is invertible, we shall also
assume that m = n.

If A:R"—>R" is injective, then the only solution of (3) with each y; = 0 is the
one for which each x; = 0. It is known from linear algebra that this implies that
for every (y1,¥2,...,y,) € R”, (3) has a solution (x;,x,,...,x,) € R", which has
the consequence that 4 is surjective. Thus an injective linear map A:R"—R" is
surjective and hence invertible. We shall use this fact in the proof of the implicit
function theorem (Theorem 4-3.2). It is also true that a surjective linear map
A:R"—>R" is injective and hence invertible.

(c¢) Consider (3) above with m = n written in the form [Y] = [A][X]. If the inverse
matrix [4] " exists, then
[A]'[Y] = [4]'([4][X])
=([A]'[AD[X] using associativity
=[]

Thus (3) has a unique solution [X] = [4]'[Y] for every given [Y]. On the other
hand, suppose we know that (3) has a unique solution [X] for every given [Y].
This is the same as saying that it has a unique solution x for every given y. As in
(b) above, this implies that 4 is invertible, and hence by (a), [4] is an invertible
matrix. Once again, the unique solution is given by [X] = [4]'[Y].

2-3.4 Remarks. If a linear map 4 of R" into itself merely multiplies the kth
component by some nonzero a, i.e.,

A(xla‘”)xrl):(yl7"'7yn)9

x; forj#k
y=1"

where

ax; forj=k,

then its matrix is the one obtained from the identity matrix by replacing the entry
ayr by a. Thus it is an elementary matrix; moreover, its determinant is a.

If A merely interchanges two components, i.e., A(x1, ..., X,) = (V15 V),
where
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x, ifj=k
yi= %, ifj=I
x, ifk#j 1

J

where & # [, then its matrix is the one obtained from the identity matrix by inter-
changing the kth and /th rows. Thus it is an elementary matrix; moreover, its
determinant is —1.

If A merely adds one row to another row, i.e., there exist distinct indices £, /
such that

A(xla"'sxn):(yls"'ayn)a

X; forj#k
y.:
! x;+x, forj=k,

where

(so that y; = x; +x;), then its matrix is the one obtained from the identity matrix
by adding the /th row to the kth row. Thus it is an elementary matrix; moreover,
its determinant is 1.

Since every invertible matrix is a product of elementary matrices of the
above type (see last part of Chapter 1), it follows that every invertible linear map
is a product of linear maps having elementary matrices of the type mentioned
above. We shall make essential use of this fact in Proposition 7-4.1.

Problem Set 2-3

2-3.P1. Let A:R—>R satisfy A(cx) = cA(x) for any x and c € R Set a = A(1). Show
that A(x) = ax whenever x € R. Is it true that A(x + y) = A(x) + A(y) whenever x €
Rand ye R?

2-3.P2. Define A:R*—R* by A(x;,x) = ((x;> +x,°)"*,0). Show that, for any x =
(x1, ;) e R*and ce R, we have A(cx) = cA(x). Is it true that

A(x+y)=A(x)+A(y) whenever x and ye R*?
2-3.P3. Define 4:R*— R? by A(x;, x,) = (3x; — 2x,, 6x; +x»). Show that
A(x+y)=Ax)+A®Y) and A(cx)=cA(x) Vx,yeR andceR

2-3.P4. Find the range of the map f: U—R’, where U = {(x,y) € R : (x,y) #
(0,0)} and

x2+y2 x2+y2

2 .2
f(x,y)=(ﬁ(x,y),ﬁ(x,y))=[x r,P JERZ'

2-3.P5. Let f:R—R have a continuous derivative everywhere and let ¢:R*—R’

be the transformation
u=fx), v=—y +xf(x).
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If f'(xo) # 0, show that the transformation is invertible on a subset of the form
IXR, where [ is a open set in R containing x, and that the inverse has the form

x=gu), ¥ =—v+ug(u).

2-3.P6. Let A:R'xR" R be a linear map. Show that the maps B:R'—R* and
C:R" >R defined by B(x) = A(x,0) and C(y) = 4(0,y) are also linear.

2-3.P7. Let A R'>R* and B:R">R* be linear maps. Show that the map
C:R'xR"—-R defined by C(x,y) = A(x) + B(y) is linear.

2-3.P8. The Cartesian product R'’xR" can be regarded as R'™. Show that the
map A:R""—R'™ defined by A(a,b) = (0,b) is linear, and find its matrix when
m=2,n=3.

2-3.P9. The equations x; + x, + x3 = 5, 2x; — x, + 4x; = 8 can be expressed in
terms of standard bases u;,u,,u; of R and v;,v, of R? as a single equation f(x;u,
+ X2ty + x313) = 5v; + 8v,, where f:R*—R is the function such that

f(x1u1 + XUy +X3 u3) = (X] + X, +)C3)V1 + (2)C1 — X, + 4)C3)V2.

One can also use coordinate language and avoid bringing in the standard basis
explicitly by writing f(x1,x,,x3) = (5, 8), where f(x;,x,,x3) is defined as (x; + x,
+ x3,2x; — x; + 4x3). Now express the equations p = €' cosy, ¢ = €'siny as a sin-
gle equation using a suitable function; also rewrite the single equation in
coordinate language.

2-3.P10. Eliminate the variable x; from the second and third equations in the
system by using the first equation

X1+SXQ+6)C3:9

2x1 + 11XZ + 13X3 =38

3x; + 12x; + 14x; = 2027.
(a) Now answer the following questions regarding the new system consisting of
the two equations just obtained by eliminating x; together with the first of the
three given equations: Must every solution of the new system be a solution of
the given system (Yes or No)? And vice versa (Yes or No)?
(b) If a solution x, = B, x3 = 7y of the two equations that have been obtained by
elimination is known, what formula for x; can be derived from the first of the
three given equations in terms of B and y?

2-3.P11. In R, find a common perpendicular (not 0) to the three given vectors
z1=(1,3,2,-1), z,=(3,10,4,0), z3;=(4,13,7,4).
In other words find x € R such that x-z; = 0 fori = 1,2,3.
2-3.P12. The range of the function /" defined on the subset
D= {(x1,x2,%3) 1 x° + 227+ (35— 3)° =21\ {(0,0,1)}
of R® by
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X, _ X
1 ’yz_ 2

o 1—x, I-x,

is the whole of R*. The map is called the stereographic projection.

2-3.P13. Let D= {(x;,%,x3) e R : x> + x> + x> 1} and R = {(y;,)5,y3) e R :
0 <y,®+ y," + y3> < 1}. The function f defined by
_ X _ X _ X
n= r—g,yz— r—g,ys— r—g
is called an inversion mapping of a part of R’ to another part. Show that the
range of the mapping is R.

2-3.P14. Given any & > 0 and a € R, show that the function F:R*—R defined by
F(x,y,z) = xyz(x + y +z— 1) takes positive as well as negative values in the &-
ball centred at (a,0, 0).

2-3.P15. Given any & > 0 and b,c € Rsuch that b # 0 # ¢ and b + ¢ = 1, show
that the function F:R*—R defined by F(x,y,z) = xyz(x + y + z — 1) takes positive
as well as negative values in the -ball centred at (0, b, ¢).

2-3.P16. Let A:RP—R be the linear map A(x;,x;) = (x; + x2,0). The vectors
(1,0), (0,1), (3/5,4/5), (12/13,5/13) and (A2, 1/\/2) all have norm 1. Compute
the norms of their images under 4, i.c.,

A(1,0), A(0,1), A(3/5,4/5), A(12/13,5/13), A(1N2, 1N2).

Which is the largest?
Show that: ||x|| < 1 = ||dx|| < V2, ie., that x’+x° <1 = (x; +x)° +
0*<2.

2-3.P17. Let A:R*—R be the linear map A(x;, x,) = (x; + x2, 2x; — x). Compute

14CL,0)[1%, 1140, DI, [[AAN2, 1N2)|P, [[4(12/13, 5/13)|F.

(a) Show that || 4(x;, xo)|* = 5x> + 2> — 2x1x5 .
(b) Using (a), show that [|x|| < 1 = ||4x|| <6 .
(c) Using (b), what can be said about sup {||Ax|| : ||x]| < 1}?

2-3.P18. Let A:R*>R be the linear map A(x;,x,) = (x; + X2, x; — x»). Express
A(x1, x,)* in terms of x; and x, ; hence find sup {[|4x| : ||x|| < 1}.

2-3.P19. Let A:R"—>R" be linear and let V" a ball in R’ centred at 0 with some
radiusa >0.If Av=0V ve V, show that Ax =0 V xe R".
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2-4 Topology of Euclidean Spaces

In elementary analytic geometry, R* and R’ are regarded as the plane and three-
dimensional space, respectively, and the so called ‘distance formula’ says that
the straight line distance between two points x and y is given by the Euclidean
norm ||x—ylJ. So, for a given a € R* or R’, and a given r > 0, the subset of R* or
R described as {x : ||[x—a|, < r} is visualised as the disc or solid ball of diame-
ter 2r, centred at ¢ and not including the periphery. The reader may check
independently that {x € R : ||x—a||.. < r} represents the inside of the square with
vertical and horizontal sides of length 2r, centred at ¢ and not including the pe-
riphery. Similarly, {x € R* : | x—al|, < r} represents the inside of the square with
vertical and horizontal diagonals of length 27, centred at ¢ and not including the
periphery. See the figure. In general a subset of R" of this

/ \ kind is called a ball, regardless of what n is and what norm is
used.
o a

\ / 2-4.1. Definition. The subset {x € R" : |x—al < r} of R,
where a € R" and r > 0, is called the r-ball about a (or cen-
tred at a). It is denoted by B(a,r). The point (vector) a is

«— 2r—» called the centre of the ball and the positive number r is
called its radius.

The assertion x,—x about a sequence {x,} > in R" can now be reformulated
as: For any € > 0, the nth term x, belongs to the e-ball about x for sufficiently
large n. More succinctly, all terms eventually lie in any given ball about x.

2-4.2. Definition. A subset U  R" is said to be open if every u € U has some
ball about u that is contained in U; in symbols:

Y ueU, 38> 0suchthat EeR", ||E—ul|<d=E&e U.

The entire space R” is easily seen to be an open subset of itself. The empty
subset is open ‘by default’ because there exists no element in it. The trivial ob-
servation that 0 < r < s = B(u,r) < B(u,s) leads to the conclusion that an
intersection of two open subsets is again an open subset and hence so is the in-
tersection of any finite number of open subsets. Indeed, if U, and U, are open
and u € U;NU,, then there exist &; > 0 and &, > 0 such that B(u,d;) < U, and
B(u,8,) < U,, which implies that B(u,min {3;,0,}) < B(u,0,)NnBu,d,) <
U;NU,. That the union of any number (even uncountable) of open subsets is
again open hardly needs any argument.

An open subset of R' = R in the sense defined above is the same as an open
set of real numbers.

By Proposition 2-2.6, whether a subset is open or not does not depend on
which norm is used: If a positive number that serves as the appropriate & for one
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norm does not work with a different norm, then some other positive number
will.

Example. The subset (0,1)x(2,7) < R? can be shown to be open. Any element u
of it satisfies 0 <u; <1, 2 <u, <7.Let & =min {u;, | —u;} > 0. Then

|§1—u1|<51:>§1—u1 <1—l/l1:>&1<1
and

&i—w| <& =>u-§ <u; =0<E,.
Thus,

|§1*M1|<61:>0<§1<1. (1)

Similarly, &, = min {u; —2,7 —u,} > 0 has the property that
|&a—up| <8 =2<E <. ()
It follows from (1) and (2) that, for 8 = min {8,,8,} > 0, we have

1€ —ull=max {|& —ui],|&—ua [} <8 = & (0,1)x(2,7).

The existence of such a positive number & for every u € (0,1)x(2,7) means by
definition that (0,1)%(2,7) is open.
2-4.3. Proposition. 4 ball is an open subset.
Proof. Consider a ball B(a,r)  R" and let u € B(a,r). Then ||a—u|| <r. Let 6 =
r—|la—u|| > 0. This positive number has the property that

lx—ull <d= llx—ull <r—lla—ull = [x—ul +|la—ull <r.
But ||[x—al| £ ||x—ul|+||a—ul| by the triangle inequality. Therefore ||x—ul| < o
= |lx—al| < r. Thus B(u,d) < B(a,r). The existence of such a positive & for
every u € B(a,r) means by definition that B(a, r) is open. O

2-4.4. Definition. A subset F < R" is said to be closed if its complement is open.

2-4.5. Proposition. 4 subset F < R" is closed if and only if whenever all terms
of a convergent sequence {x,},=1 belong to F, its limit also belongs to F.
Proof. First suppose F < R" is closed and {x,} > is a convergent sequence such
that x, € F for every p € N. We shall show that }1_1’)11 x, € F. If not, then the limit,
which we shall denote by x, belongs to the complement of F. But the comple-
ment is given to be open and therefore some ball centred at x is contained in the
complement. This means that no terms of the sequence can ever belong to the
ball, which contradicts the fact that x,—x. Therefore the limit of the sequence
has to belong to F.

For the converse, suppose F < R” is not closed. We shall show that some
convergent sequence with every term belonging to F has a limit that does not
belong to F. Since F is not closed, the complement F* is not open and therefore
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some x € F* fails to have a ball centred at x and contained in F*; this means every
ball centred at x fails to be contained in F* and thus has a nonempty intersection
with F. In particular, for each p € N, the %—ball centred at x must contain some
element x, € F. Therefore the sequence {x,},> not only has each term in /" but
also satisfies ||x, —x|| <% for each p € N, so that x = 1171_>r1}m X,. Thus {x,}, is a
convergent sequence with every term belonging to / but having limit x that does
not belong to F. ]

2-4.6. Examples. (a) Since R" is an open subset of itself, its complement, the
empty subset is closed. Similarly, since the empty set is an open subset of R”, its
complement R" is closed. Thus each of the subsets & and R" is open as well as
closed.

(b) Given any a € R" and any r > 0, the set {x € R" : |[x—a|| < r} is a closed sub-
set of R". To see why, consider any convergent sequence {x,},> with each x,
belonging to {x € R": [[x—al| <r}. That is to say, ||x,—al|| < r for each p € N. In
view of Proposition 2-4.5, we need only show that 11)1_)n}m x,e{xeR":|x—a| <
r}, ie., Hll)ig}c x,—al| < r. Consider any € > 0. By definition of limit of a se-

quence, there exists ¢ € N such that ||}i£n X, —X,4|| <€ Now,
I1im x,—all <|llim x,—x]| + |x,~al| <&+ 7.
Since this holds for any arbitrary € > 0, we have ||lim x,—al| < 7.
p—e P

The set {x € R" : ||x—a|| £ r} is often called the closed r-ball about a; a ball
will be understood to be open unless mentioned otherwise. A subset X < R" is
said to be bounded if there exists some M > 0 such that ||x|| < M for every x € X.
Since |[x—al|| <7 = ||x—al| £ r = ||x|| £ ||a||+r, we find that every ball is
bounded.

2-4.7. Definition. For a subset X C R", a point u € R" is called an interior point
of X if some ball about u is a subset of X. The set of all interior points of X is
called the interior of X and is denoted by X°.

2-4.8. Examples. (a) The interior of the closed ball B; = {x e R" : ||x—a|| < r} is
the open ball {x € R" : [[x—a| < r}. Indeed, let u € {x e R" : ||x—a]| <r}. By
Proposition 2-4.3, this ball is open and hence there exists o. > 0 such that B(u, o)
C B;. So, u is an interior point of B;. Also, no point u satisfying ||z —a|| = r is an
interior point of By, because for any o > 0, the point z = u + %oc “— belongs to
B(u, o) but not to By, as the following easy computation shows:

[Je=all



2-4 Topology of Euclidean Spaces 43

1 u—a o
_ = [|X = 2 <
lz—ull = Igapi=trii= 5 <o
but
1 u—a 1 o
lz—all=llu-a+5a | =(+5 77— )u—-a)
2 lu—all 2{fu—all
1 o o
=(1+= — = — + = >r
(g lleall=lu=all+ § >r

(b) The interior of a set consisting of finitely many points is empty, because a
ball always contains infinitely many points and cannot be a subset of any finite
set.

It is clear from Def. 2-4.7 that, an interior point of a set belongs to that set;
but not all points in a set are interior points. Also, an open set is one for which
every point of it is an interior point; in other words, X < R" is open if and only if
X=X°. This is immediate from Def. 2-4.2 and Def. 2-4.7.

2-4.9. Proposition. The interior of any set is open.

Proof. Let X < R". Proposition 2-4.3 shows that, if u € X°, so that some ball B
about u is contained in X, then for every y € B, there is a ball about y that is con-
tained in B and hence in X, thus making every y € B an interior point of X. This
shows that, whenever u € X°, some ball B about u is contained in X°. Thus X° is
an open set. U

2-4.10. Definition. For a subset X € R", a point u € R" is called a closure point
of X if every ball about u contains some point of X. The set of all closure points
of X is called the closure of X and is denoted by X.

Clearly, a point of a set must be a closure point of it (X  X) but not con-
versely: In R?, the point u = (0,1) does not belong to the ball X = {x € R*: ||x| <
1} because |lu|| = 1. Now, any ball {x € R? : ||x—u|| < r} about u contains the
point v = (0,1—s), where 0 <s < min {1, r}, because ||[v—u|| =|(0,s)|| = |s| =5 <
r. But this point v also belongs to the set X, because |[v|| = [1-s| = 1-s < 1.
Thus any ball {x € R?: ||x—u|| < r} about u contains a point of X, whereby u is
seen to be a closure point of X, though it does not belong to X.

A closed set is one that contains each of its closure points. To see why, sup-
pose first that X ¢ R" contains each of its closure points. We shall demonstrate
that the complement X is open. With this in view, consider any v e X*. Then v is
not a closure point and hence there exists a ball about v containing no point of X,
i.e., is a subset of X*. This means X* is open. Suppose next that X is open and u
is a closure point of X. We shall demonstrate that # € X. If not, then some ball
about u is contained in X and therefore contains no point of X; this contradicts
the hypothesis that u is a closure point of X.
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As noted before, it is always true that X c X ; we have just proved that X is
closed if and only if X 2 X. Therefore X — R" is closed if and only if X = X.

2-4.11. Proposition. The closure of a set is closed.

Proof. Let X € R". We must show that the complement of the closure X is open.
Accordingly, consider any u € (X)°. Then u is not a closure point and therefore
some ball B about u contains no point of X, which means B is a subset of X“.
Proposition 2-4.3 shows that, for every y € B, there is a ball about y that is con-
tained in B and hence in X*, thus ensuring that no y € B is a closure point of X,
i.e., ye B=>ye (X)". This shows that, whenever u € (X)‘, some ball B about u is
contained in (X)°. Thus (X)° is an open set. |

2-4.12. Definition. The boundary 0X of a subset X — R" is the set X\X° of all
points in the closure of X that do not belong to its interior.

It is immediate from this definition that x € dX if and only if every ball
about x contains a point of X as well as a point of the complement X*.

2-4.13. Example. As noted in Example, 2-4.6(b), X = {x € R : ||x|| < 1} is
closed and hence is its own closure X. It has also been recorded in Example 2-
4.8(a) that X° = {x € R? : ||x|| < 1}. Therefore, the boundary is 0X = {x € R*: ||x||
=1}.

2-4.14. Proposition. The boundary of any set is closed.

Proof. For any X  R”", the closure X is closed [Proposition 2-4.11] and the inte-
rior X° is open [Proposition 2-4.9]. By 2-4.P4, the difference dX = X\X° is
closed. O

It follows from this Proposition and Example 2-4.13 that {x € R*: ||x|| = 1}
is closed. A direct proof using Proposition 2-4.5 is left to the reader in 2-4.P7.

Problem Set 2-4

2-4.P1. Show that a union of two closed sets is closed and that the intersection
of any family of closed sets is closed.

2-4.P2. Show that a ball {xeR": ||x—al| <r} is not a closed subset of R".

2-4,P3. Suppose X c R" is a subset for which there exists some € R" and some
M > 0 satisfying || x —u|| £ M for every x € X. Show that X is bounded.

2-4.P4. Let U < R" be open and F < R” be closed. Show that the difference set
UN\F c R" is open and the difference set F\U is closed.
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2-4.P5. Show that the interior of a set is the union of all open sets contained in
that set and that the closure is the intersection of all closed sets containing that
set.

2-4.P6. Show that x € R" is a closure point of a subset X ¢ R" if and only if some
sequence in X converges to x.

2-4.P7. Using Proposition 2-4.5, but not concepts of interior, closure or boun-
dary, show that {xe R : ||x||= 1} is closed.

2-4.P8. Show that (—1,0) is a boundary point of £ = {(x1,x,) € R*:-1<x < 2}
and that (1,0) is an interior point of {(x;,x,)e R”: 0 <x; <2}.

2-4.P9. For any F' c R", show that F = FUJF = F°UJF.

2-5 Compact and Connected Subsets

The notion of compactness, which plays a significant role in analysis, was
introduced into mathematics by M. Fréchet. However, he was working in a
much more general framework of ideas than of Euclidean spaces.

One of the distinguishing characterisations of a bounded closed subset of R
is that any sequence in it has a subsequence converging to a limit belonging to
that subset. Another characterisation of such a subset is that any ‘open cover’ of
it contains a finite subcover. In this section we shall prove the above characteri-
sations for any bounded closed subset of R". We begin with the following
lemma.

As in Proposition 2-2.8, we shall denote the jth component of the pth term

x, of a sequence {x,} s by x.

2-5.1. Lemma. Let X < R" be bounded and suppose all terms of the sequence
{Xp}p=1 belong to X. Then the sequence has a subsequence which is convergent,
though its limit may not belong to X.

Proof. For each j, 1 <j < n, consider the real sequence formed by the jth compo-
nents of the terms x,, i.e., {x')} ;. Since [x”}| < ||x, ||, we know that each of
them is a bounded sequence in R. By the Bolzano—Weierstrass theorem (see
Berberian [3; Proposition 3.5.9]), the first sequence, namely {x'” )1},]21, has a
subsequence {x'” q)1}q21 that converges to some limit in R. Now, considering
only those points of the original sequence {x,} which are numbered by p,, we
obtain a subsequence {x,,q} of the original sequence, in which {x'* 4)1}q21 is con-
vergent. Next, consider the sequence {x(p ‘1)2}(,21, that is, the sequence of second
components of the latter sequence {qu}. We can find a subsequence of the sub-
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sequence {qu} for which the sequence formed by its second components con-
verges. Note that the sequence formed by its first components is a subsequence
of {x* ‘1)1}421 and therefore converges; thus the sequences formed by its first
components and by its second components both converge. Repeating this proce-
dure successively n times, we arrive at a subsequence of the given sequence {x,}
for which all the sequences of the components of its points are convergent. Since
convergence in R” is equivalent to componentwise convergence [Proposition 2-

2.8], the last mentioned subsequence of {x,},>1 has a limit in R". O

2-5.2. Theorem. For a subset K < R" to be bounded as well as closed, it is ne-
cessary and sufficient that every sequence with all its terms belonging to K have
a convergent subsequence, the limit of which also belongs to K.

Proof. First suppose K < R" to be bounded as well as closed, and consider any
sequence with all its terms belonging to K. Since K is bounded, the sequence has
a convergent subsequence [Lemma 2-5.1], and since K is closed, the limit be-
longs to K [Proposition 2-4.5].

Conversely, suppose K < R” is either not bounded or not closed. In the lat-
ter case, there exists a convergent sequence with all terms belonging to K but the
limit is not in K [Proposition 2-4.5]; in particular, there is a sequence with all
terms belonging to K but having no convergent subsequence whose limit be-
longs to K. In the former case, for each p € N, there exists some x, € K such that
|x,]| = p. The sequence {x,},>; then has all terms belonging to K, but no subse-
quence {qu}421 can be convergent because it is not bounded; in fact, it satisfies
1%, 12 Py = g- 0

2-5.3. Proposition. Let K < R" be bounded and € be any positive number what-
soever. Then there is a finite number of €-balls centred at points of K such that
their union contains K.

Proof. Suppose this is not so. Then the union of a finite number of e-balls cen-
tred at points of K can never contain K. So, take any vector x; € K. The ¢-ball B,
about x; cannot contain K and so there exists x, € K such that x, ¢ By, i.e.,
[[xo—x|| = €. Let B, be the e-ball about x,. Then the union B;UB, of finitely
many (two, of course) e-balls cannot contain K. So, there exists x; € K such that
X3 & BlUB,, ie., |[x3—xi|| 2 €, ||[x3—x|| 2 €. We can keep proceeding in this
manner and obtain a sequence {x,},>; of points in K having the property that

P> q=|lx—x/l=¢.

But this property guarantees that no subsequence can be a Cauchy sequence and
hence that no subsequence can converge. Since all terms of {x,},>; belong to the
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bounded set K, Lemma 2-5.1 is contradicted. Therefore we are led to the conclu-
sion that our supposition is false, i.e., there exists a finite number of e-balls
centred at points of K such that their union contains K. O

The phenomenon of a family of sets, finite or otherwise, whose union con-
tains a given set needs to be studied further. Although the considerations we are
about to enter into may seem outlandish at first, they are intimately connected
with other ideas here and will be needed in Proposition 7-4.9. We introduce
some terminology.

2-5.4. Definition. For any subset X C R", a family u of subsets of R" whose un-
ion contains X is called a cover of (or covering of) X. If every set in the family
is open, then the cover is said to be an open cover (or open covering). 4 sub-
family of « whose union also contains X is called a subcover of ¥ (or
subcovering of %).

It is convenient to rephrase ‘% is a cover of X* by saying ‘¢ covers X°. Also,
the phrase ‘there is a subcover of ¢ is usually recast as ‘% contains a subcover’.

2-5.5. Examples. (a) Let X =R". Then the family @ consisting of the sets

{xeR":|Ix|| <p},peN,

is a cover of X. The subfamily {x € R" : ||x|| £ 2p}, p € N, also covers X and is
therefore a subcover of ¢/. The family {x € R" : ||x|| <p}, p € N is an open cover
of X and its subfamilies

{xeR":||x||<7p}, peN, and {xeR":|x|<p*, peN,

are subcovers because they also cover X.
(b) Let X= {xeR": ||x|| £ 1}. Then the family % consisting of the sets

n. 1
{xeR":||x||<1 p_+l b, peN,

is not a cover of X because their union does not contain the points of X for which
||x]| = L. If we enlarge the family by including the set

n. 9 101
(reR": o5 < vl <100,

then the enlarged family is an open cover (union contains all elements of X and
more). The open cover contains a finite subcover, for instance, the subfamily
consisting of the two sets

n. 1 n. 9 101
{xeR": ||x||<1 11} and {xeR":=<|x|| < 100"
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(c) Let X= {xeR": ||x|]| < 1}. Then the family % consisting of the sets

n 1
R": <l-——
fre Rl < 1=} pel,

is an open cover of X. This open cover contains no finite subcover. The open
covers in part (a) also contain no finite subcovers.

2-5.6. Definition. 4 set K < R" is said to be compact if every open cover of it
contains a finite subcover.

2-5.7. Theorem. Heine-Borel: 4 set K < R" is compact if and only if it is
bounded as well as closed.

Proof. We prove the ‘only if* part first. Let K < R" be compact and {x,} > be a
sequence with all its terms belonging to K. We shall show that it has a subse-
quence converging to a vector belonging to K.

Suppose this is not so. Then no vector x € K is the limit of a subsequence.
By Proposition 2-2.11, given any x € K, ther